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1
, $(X, \mu),$ $(Y, \iota/)$ Borel ,
. :
1. 2 $\Gamma$ , A $(X, \mu),$ $(Y, \mathit{1}/)$ , $\Gamma A=X$ ,
$\Lambda B=Y$ Borei $A\subseteq X,$ $B\subseteq Y$ , Borel
$f:Aarrow Y$ :
(i) 2 $B$ $f_{*}(\mu|A),$ $\nu|_{B}$ ;
(ii) $x\in A$ , $f(\Gamma x\cap A)=\Lambda x\cap B$ .
, 2 (weakly orbit equivalent or WOE) .
, $A,$ $B$ full measure , 2 (orbit equivalent or
$\mathrm{O}\mathrm{E})$ . 2 , WOE
, (measure equivalent or ME) .
$(X, \mu)$ von Neulnann , Murray-von Neu-
mann , . OE von Neumann
, $\mathrm{O}\mathrm{E}$ .
, . ME ,
.
ME , . ,
2 ME . , 2
, , ,
2 . , 1 ME class
.
2. Ornstein-Weiss [21] , : amenable $(X, \mu)$
$\mathrm{O}\mathrm{E}$ . , amenable
’ $E$-mail address: kida(hath.kyoto-u. $\mathrm{a}\mathrm{c}$ . jp
1459 2005 64-73
85
$\mathbb{Z}$ ME . , amenabiiity ME , $\mathbb{Z}$ ME
class amenable .




. $M=\mathrm{J}/I_{g,p}$ $g$ , $p$ ,
. ( , ,
) , $M$ $\Gamma(M)$ $M$
. ,
. , $\Gamma(fl^{}I)$ ME . $M_{g,p}$ ,
$\kappa(M)=3g+p-4$ .
3([15]). $\lambda’I$ $\kappa(M)\geq 0$ .
(i) $\Gamma(M)$ ME :
(a) $\Gamma_{1}$ F2 , $\Gamma_{1}$ F2 amenable
$\Gamma_{1}\cross \mathrm{r}_{2}$ ;
(b) amenable
(ii) $\kappa(M)>0$ , $\Gamma(M)$ (Gromov ) ME .
4. $\mathrm{A}I$ $\kappa(\Lambda’I)<0$ , $\Gamma(M)$
. , 4 $\Gamma(\Lambda.I_{0,4}),$ $\Gamma(\Lambda I_{1},0),$ $\Gamma(\Lambda I_{1,1}),$ $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$ 4
, 4 . [9] .
5. Adams [2] , 3(i)
.
6. Hamellst\"adt [11] Monod-Shalom[20]
3(i) (a) , $\mathrm{T}\Gamma_{1}$ F2 amenable
. (b) .
, $M$ $n(M)=g+[(g+p-2)/2]$ . , $a$ , $[a]$
$a$ .
7([15]). $M$ $\kappa(M)\geq 0$ . $G$ $n$ 2
, , $G$ $\Gamma\cdot(M)$ $\Gamma$ ME
. , $n\leq n(\mathrm{A}f)$ .




8. ME factor , .
, Gaboriau [7] : $n$ , $\mathrm{F}_{n}$ $n$
. $n_{1},$ $n_{2},$ $\ldots,$ $n_{k},$ $m_{1},$ $m_{2},$ $\ldots$ , $m_{l}$ 2 .
$\mathrm{F}_{n_{1}}\mathrm{x}\cdots \mathrm{x}\mathrm{F}_{n_{k}}$ $\mathrm{F}_{m_{1}}\cross\cdots \mathrm{x}\mathrm{F}_{m_{l}}$ ME , $k\leq l$ . (
, Monod-Shalom[20] )
, 3(i) (a) , (ME )
, $\mathrm{F}_{n_{1}}\mathrm{x}\cdots \mathrm{x}\mathrm{F}_{n_{k}}$ .
, ME . $M=\mathrm{A}.I_{g,p}$ , $g\leq 2$
$g_{0}(M)=2,$ $g>2$ go $(M)=g$ .
9([15]). 2 $M^{1},$ $M^{2}$ $\kappa(M^{1}),$ $\kappa(M^{2})\geq 0$ . , 2
$\Gamma(M^{1})$ $\Gamma(\mathrm{A}f^{2})$ ME , $\kappa(M^{1})=\kappa(M^{2})$ go $(M^{1})=g\mathrm{o}(M^{2})$
.
, ME .
10 $\Gamma(\mathrm{A}I_{0,6})$ $\Gamma(l\mathfrak{l},I_{2,0})$ , . , 2 $\mathrm{A}’I0,\epsilon$ ,
$\mathrm{J}/I_{20\}}$ 4 , 2 ME
.
1L 9 $\kappa(M^{1})=\kappa(M^{2})$ , [15] .
. [15, Appendix $\mathrm{D}$ ] ,
Gaboriau [7] , $\ell^{2}$-Betti ME
: 2 $\Gamma_{1}$ $\Gamma_{2}$ ME , $c$ ,
$\beta_{n}(\Gamma_{1})=c\beta_{n}(\Gamma_{2})$ $n$ . , A , $\beta_{n}(\Lambda)$ A
$n$
$2_{-\mathrm{B}\mathrm{e}\mathrm{t}\mathrm{t}\mathrm{i}}$ .
, Gromov [10] McMullen [19] , $\kappa(M)\geq 0$
$M$ $\Gamma(M)$ $2_{-\mathrm{B}\mathrm{e}\mathrm{t}\mathrm{t}\mathrm{i}}$ : $\beta_{\{\mathit{1}\vee I)+1},\hat{\backslash }.(\Gamma(M))>0$
, $n\neq\kappa(M)+1$ , $\beta_{n}(\Gamma(M))=0$ .
, 9 $\kappa(M^{1})=\kappa(M^{2})$ .
3 Adams
. , Adams
( 5) . ,
, . [15,
Chapter 4, Section 2] .
$\Gamma$ , $\Gamma$ $(X, \mu)$ . ,
$\mathcal{R}=\mathcal{R}\mathrm{r}=\{(x,gx)\in X\cross X : x\in X,g\in\Gamma\}$
, $(X,\mu)$ (equivalence relation) . $\mathcal{R}$ $(X, \mu)$ groupoid
.
B7
2 $\Gamma$ , A $(X, \mu),$ $(Y, \nu)$
. $(X, \mu),$ $(Y, \nu)$ relation $\mathcal{R}\mathrm{r},$ $\mathcal{R}_{\Lambda}$ . , $\Gamma$ A
$\mathrm{O}\mathrm{E}$ , $\mathcal{R}\mathrm{r}$ $\mathcal{R}_{\Lambda}$ groupoid .
, ME , relation groupoid
.
, $\Gamma$ $(X, \mu)$ , $\mathcal{R}$
. ,
$\rho:\mathcal{R}arrow\Gamma$ , $(gx, x)\mapsto g$
cocycle . , $\mathcal{R}$ $\Gamma$ groupoid , $p$ .
, $\Gamma$ Borel $K$ . , $K$ (




, Zimmer [22] ) , $\mathcal{R}$ $K$ , $\mathcal{R}$
subrelation $S$ ( , subgroupoid) ,
$\mathcal{R}$ $K$ ( , $\mathcal{R}$ $K$ ) , $\rho$ $\Gamma$ $K$
. $\prime \mathcal{R}$ subrelation $S$ , Boret
$\varphi:Xarrow K$
, $\rho(x, y)\varphi(y)=\varphi(x)$ $(x,y)\in \mathrm{S}$ , $\varphi$ Ss
. SS Borel $\mathrm{S}$ , (
, relation groupoid .
[3] )
amenability , Banach
. relation amenability ,
:
12 ([22, Proposition 433]). $\Gamma$ amenable $\mathcal{R}$ amenable
.
Adams . $\Gamma$ . $\Gamma$
$\partial\Gamma$ . $\Gamma$ $(X, \mu)$
. $\mathcal{R},$ $\rho:\mathcal{R}arrow\Gamma$ . $M(\partial\Gamma)$ $\partial\Gamma$ ( )
. ( , Borel $S$ , $M(S)$ $S$
) , $(Y,:/)$ relation $\mathrm{S}$ $Y$ BoreH\beta
$Z$ , $Z$ relation
$(\mathrm{S})_{Z}=\{(x, y)\in \mathrm{S} : x, y\in Z\}$
.
$\epsilon\epsilon$
13([2]). A $X$ Borel , $S$ $(\mathcal{R})_{A}$ subrelation $A$
aperiodic ( , ) . ,
(i) $\mathrm{S}$ amenable , Ss Borel $Aarrow M(\partial\Gamma)$ .
(ii) , $\mathrm{S}$- Borel $Aarrow M(\partial\Gamma)$ , $s$ amenable .
(i) amenability . [2] , $S=\mathcal{R}$
, $S$ [15]. (ii) , $\Gamma$
$\partial\Gamma$ amenable [1] $\Gamma$ crucia
. aenenability [3] [15, Appendix $\mathrm{A}$] .
13 , Borel , subrelation
amenability . 13 ,
. , $\Gamma$ $\Gamma’$ , $\Gamma’$ $M(\partial\Gamma)$





] $4([13])$ . $\kappa(M)>0$ $M$ , curve complex C—C(M)
: $V(C)$ $M$ ,
. $V(C)$ $F$
, $F$ , $M$
.
, $\kappa(M)=0$ $M$ curve complex $C=C(M)$ (
) . , $C$
. $\Gamma(M)$ $C$ , $C$
$\max\{\kappa(\lambda.I), 1\}$ . $C$ :
15 ([17]). $C$ (Gromov ) , .
, Cayley $C$ , Adams
. , , $C$ , , 1
. , $C$ (Gromov ) $\partial C$
. , Adams , 13 (i) l
. , Thurston .
$i:V(C)xV(C)arrow \mathrm{N}$




, , $\alpha\in V(C)$ $\mathrm{i}(\alpha, \alpha)=0$ .
B8
$V(C)$ 0 $\mathbb{R}_{\geq 0}$ $\mathbb{R}_{\geq 0}^{V(C)}$ . $\mathbb{R}_{>0}^{V(C)}\backslash$
$\{0\}$ , $\mathbb{R}_{>0}$ .
$P\mathbb{R}_{\geq 0}^{V(C)}$ . : $\alpha\in V(C)$ , $V(C)\ni\beta\mapsto$
$\mathrm{i}(\alpha, \beta)$ $\alpha$
$\mathbb{R}_{\geq 0}^{V(C)}$ , $V(C)$ $\mathbb{R}_{\geq 0}^{V(C)}$ . ,
$V(C)$ $P\mathbb{R}_{\geq 0}^{V(C)}$ . , .
$\mathrm{A}4F=\overline{\mathbb{R}_{>0}\cdot V(C)}$ in $\mathbb{R}_{\geq 0}^{V(C)}$ ,
$P\mathrm{A}4F=\overline{V(C)}$ in $P\mathbb{R}_{\geq 0}^{V(C)}$ .
$\ovalbox{\tt\small REJECT}$ . $P\mathcal{M}F$ Thurston . , $P\mathcal{M}F$
$\mathrm{T}\mathrm{e}\mathrm{i}\mathrm{c}\mathrm{h}_{1}\mathrm{n}\ddot{\mathrm{u}}11\mathrm{e}\mathrm{r}$ . PAtF $(6g-7+2p)$
. , $\mathrm{i}:V(C)\mathrm{x}V(C)arrow \mathrm{N}$ R>oR
$\mathrm{i}:\mathcal{M}F\mathrm{x}\mathrm{A}4Farrow \mathbb{R}_{\geq 0}$
. $\mathbb{R}_{>0^{\mathbb{R}}}$ , $P\mathrm{A}4F$ 2 , 0
. ,
$\mathcal{M}\mathrm{I}N=\{F\in P\mathcal{M}F:i(\alpha, F)\neq 0\}$
. $\mathcal{M}\mathrm{I}N$ $P\mathrm{A}4F$ F(M)\Gamma Borel . Lebesgue
PA4 $\mathrm{A}4\mathrm{I}N$ .
[15, $\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{p}\mathrm{t}\downarrow \mathrm{e}\mathrm{r}3$ , Section 1] . , Thurston
curve complex $C$ $\partial C$ , :
16. (i) ([16]) $\Gamma(M)\Gamma$
$\pi:\mathcal{M}\mathrm{I}Narrow\partial C$
.
(ii) ([14]) F(M)( Borel
$H:P\mathcal{M}F\backslash \mathrm{A}4\mathrm{I}Narrow S(M)$
. , $S(M)$ $C$ .
$\Gamma(M)$ relation . $\Gamma(M)$ $(X, \mu)$
, $\mathcal{R},$ $\rho:\mathcal{R}arrow\Gamma(M)$ Section 3 .
Adams , $\prime \mathcal{R}$ subrelation $S$ Borel
, $\mathrm{S}$ .
:
17 ([15]). $\cdot A$ $X$ Borel , $S$ $A$ aperiodic $(\mathcal{R})_{A}$
subrelation . , Ss Borel $\varphi:Aarrow M(P\mathcal{M}F)$ .
, $A$ $A=A_{1}\mathrm{u}A_{2}$ :
$\varphi(x)(\mathcal{M}\mathrm{I}N)=1$ for $\mathrm{a}.\mathrm{e}$ . $x\in \mathrm{A}_{1}$ ,
$\varphi(x)(P\mathcal{M}F\backslash \mathrm{A}4\mathrm{I}N)=1$ for $\mathrm{a}.\mathrm{e}$ . $x\in A_{2}$ .
70
, $A_{1},$ $A_{2}$ Ss , , $x\in A_{i}$ $(x, y)\in S$ , $y\in A_{i}(\mathrm{i}=1,2)$
. , :
18 ([15]). 17 , $B$ $A$ Borel , (S)B Borel
$\psi:Barrow M(P\mathcal{M}F)$ . ,
$.\psi(x)$ (MI ) $=1$ for $\mathrm{a}.\mathrm{e}$ . $x\in B\cap A_{1}$ ,
$\psi(x)(P\mathcal{M}F\backslash \mathcal{M}\mathrm{I}N)=1$ for $\mathrm{a}.\mathrm{e}$ . $x\in B\cap A_{2}$ .
, $\mathcal{R}$ subrelation :
19 ([15]). $A$ $X$ Borel , $s$ $A$ aperiodic $(\mathcal{R})_{A}$
subrelation . Ss Borel $\varphi:Aarrow M(P\mathcal{M}F)$ $x\in$. $A$
$\varphi(x)(\mathcal{M}\mathrm{I}N)=1$ (resp. $\varphi(x)(P\mathcal{M}F\backslash \mathcal{M}\mathrm{I}N)=1$)
, $S$ irreducible and amenable (resp. reducible) .
: $s$ irreducible and amenable , Ss Borel
$\varphi:Aarrow M(P\mathcal{M}F)$ $x\in A$ , $\varphi(x)(\mathcal{M}\mathrm{I}N)=1$
, 16 (i) $\pi:\mathrm{A}\mathrm{t}\mathrm{I}Narrow\partial C$ ,
Ss Borel $Aarrow M(\partial C)$ . , $\partial C$
, $M(\partial C)$ Borel . 13 (ii)
Adams :
20([15]). $S$ irreducible and amenable , $S$ (relation ) amenable
.
, Adams
. (Curve complex )Curve colnplex
$\text{ }$ . Adam$\mathrm{n}\mathrm{s}$
amenabie , 20 :
21([15]). (i) $\partial C$ Borel .
(ii) $\mu$ $\partial C$ $\Gamma.(M)$ , $\Gamma(M)$
Borel $(\partial C, \mu)$ amenable .
, “irreducible and amenable” “amenable”
. “irreducible” reducible . $p$‘Reducible”
: $s$ reducible . , S Borel
$\varphi:Aarrow M(P\mathcal{M}F)$ $x\in A$ , $\varphi(x)(P\mathcal{M}F\backslash \mathcal{M}\mathrm{I}N)=1$
. 16 (ii) $H:\mathcal{P}\mathcal{M}F\backslash \mathrm{A}t\mathrm{I}Narrow S(M)$
, SS Borel $Aarrow M(S(M))$ . $S(M)$
, $M(S(M))$ $S(M)$ $F(S(M))$




$S=\{F\in F(S(M)) : \mu(\psi^{-1}(F))>0\}$




22 ([15]). $S$ reducible , $S\underline{\subseteq}F(S(M))$ $A$ ( )
$A=\mathrm{u}A_{F}F\in S$ ’
$\mu(A_{F})>0$
, : $F\in S$
$\rho((\mathrm{S})_{A_{F}})\subseteq\{g\in\Gamma(M) : gF=F\}$ .
, $\Gamma(M)$ $\Gamma$ [18]:
(i) $\sigma\in S(M)$ , $g\in\Gamma$ $g\sigma=\sigma$ , $\Gamma$ reducible
;
(ii) $\Gamma$ , (i) $\sigma\in S(M)$ , $1^{\neg}$ irreducible .
(ii) , $P\lambda 4F$ , $\Gamma$ amenable ,
$\Gamma$ E2 . , $\Gamma$ $F(S(M))$
$\Gamma$ reducible . “reducible
subrelation” .
, $(f’,’(M)>0$ ) reducible noll-amenable
. , $\alpha,$ $\beta,\gamma\in V(C)$ $\mathrm{i}(\alpha, \beta)=\mathrm{i}(\alpha, \gamma)=0,$ $\mathrm{i}(\beta, \gamma)\neq 0$
, $\beta$ $\gamma$ Dehn twist , $\alpha$ F2
. , 20 reducible subrelation
. , reducible , $S(M)$
(canonical reduction system ) , reducible subrelation
.
, .
, $\mathcal{R}=\mathcal{R}_{\Gamma(M)}$ irreducible and amenable reducible
. Feidlnan-Sutherland-Zilnmer [4] norm al
subrelation , 3 , 7, 9 ,
reducible subrelation .
, relation ,
, Section 3 , relation




23. exact , , (topo-
logical ) amenable .
(e.g., Novikov ) , exact
. , exact
. , exactness :
24 ([3, Theorem 337]). $\Gamma$ $X$
. , (topological ) amenable
, $X$ $\mu$ , $\Gamma$ Borel
$(X, \mu)$ al enable ,
21(ii) , exact .
, $\partial C$ . , Thurston (topological
) amenable . , exactness
. , ,
( ) , exact .
, . [15, Appendix $\mathrm{C}$ ]
. , , Halnenst\"adt [12].
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